The quantum Liouville equation, which describes the phase space dynamics of a quantum system of fermions, is analyzed from stochastic point of view as a particular example of the Kramers-Moyal expansion. Quantum mechanics is extended to relativistic domain by generalizing the Wigner-Moyal equation. Thus, an expression is derived for the relativistic mass in the Wigner quantum phase space presentation. The diffusion with an imaginary diffusion coefficient is discussed. An imaginary stochastic process is proposed as the origin of quantum mechanics.
One of many existing interpretations of quantum mechanics is the stochastic one, which is summarized in the seminal Nelson paper [1] . The Schrödinger equation is derived there from a real Wiener process, but the Nelson approach says nothing about the evolution of the quantum probability in the momentum space, which is compulsory for the complete mechanical treatment. Moreover, it is well known that the instant velocity of a Wiener process is infinite and thus the Nelson description is not equivalent to quantum mechanics. Obviously, the correct stochastic analysis requires consideration in the phase space. In the phase space formulation of quantum mechanics, the Schrödinger equation transforms to the quantum Liouville (Wigner-Moyal) equation [2] [3] [4] which is governing the evolution of the Wigner quasi-probability density ( , , ) W p q t . The traditional Liouville equation, being a milestone of classical statistical mechanics [5] , follows from Eq.
(1) in the classical limit 0  . The structure of the Wigner-Moyal equation hints already the stochastic origin of quantum mechanics. In stochastic theory [6] , Eq. (1) is a particular example of the well-known Kramers-Moyal equation [ 
The functions [7] . The Pawula theorem [6] states that either 0 n  3 n  or all jump moments are meaningful. It follows from positivity of the probability density, which is, however, not the case of the Wigner quasi-probability density W in quantum mechanics. Nevertheless, the Pawula theorem imposes some restrictions on the external potential: () Uq could be constant, linear, harmonic or a general function with infinite number of q -derivatives. For the particular potentials above the corresponding Eq. (2) is purely classical, since 0 n  2 n  . The negativity problem of the Wigner distribution is probably due to use of improper potentials in quantum mechanics or mathematically needed truncations of the infinite sum of Eq. (1).
In classical mechanics, the Hamilton function defines a system in mechanical sense and it governs the whole evolution of the particles momenta and coordinates. Since H is a sum of the particles kinetic and potential energies, one can generalize further Eq. (2) in a dual KramersMoyal form, symmetric on the particles momenta and coordinates,
The jump moments here are given by 
It is evident that
is the effective mass of the relativistic quantum particle [8] . Since Eq. (6) is derived for a relatively slow particle, the effective mass can be further elaborated to
, which is the power series of
It follows from the partial Fourier transformation of the stationary Wigner-Schrödinger equation ˆs t st HW EW  that the non-relativistic energy of a quantum particle is
Hence, it is straightforward to recognize that Eq. (7) represents the relativistic mass of a quantum particle in the Wigner phase space representation. The Einstein non-quantum relativistic mass 0 k M  follows in the classical limit 0  . In the case of a massless particle ( 0 m  ) at its lower energy level as a particle ( 0 p  ), for instance, the corresponding quantum wave energy is the zero-level vacuum ones,
Thus, Eq. (7) properly accounts for the quantum wave-particle dualism.
The Kramers-Moyal equation (3) potential contains all information about the jump moments [9] . It is easy to check that the kinetic potential
[4] generates the jump moments for quantum 
, which reduces to c    for a massless particle.
It is important to find out what stochastic process is driving the quantum motion. It is well known that the Schrödinger equation for a free particle
is, in fact, the diffusion equation with imaginary diffusion constant /2 im . Thus, the quantum motion is a Brownian movement with imaginary stochastic force [7] . The classical diffusion equation for the evolution of the probability density ( , ) ( , , ) q t W p q t dp   of a Brownian particle reads
where D is a real diffusion coefficient. The solution of Eq. (9) is a normal distribution density im ,  becomes a complex function. Hence, to get the real probability density back, one should take the modulus of the result, which yields again a Gaussian distribution
Surprisingly, Eq. (10) coincides with the rigorous quantum distribution for spreading of a Gaussian wave packet in vacuum, where
It is interesting how to modify the diffusion equation to be able to describe diffusion with an imaginary diffusion coefficient. A naive possibility is to differentiate Eq. (9) on time to obtain 
